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Spherical scratch tests were conducted in individual grains of a randomly oriented
polycrystalline body-centered-cubic (bcc) Ti–Nb alloy. For each grain, scratch tests were
conducted at four different levels of normal load, which resulted in varying amounts
of plastic strain during indentation. The results show a dependence of the horizontal
load component on the crystallographic orientation and on the amount of plastic strain.
The component of the horizontal force that resulted from plastic deformation was found to
correlate with the active slip systems for the particular grain orientation.
I. INTRODUCTION
Several studies over the last 55 years have reported
variation of friction coefficient with crystallographic
orientation.1–8 The subject is of current interest for the
fields of tribology and abrasion, more specific for coat-
ings, thin films, biomaterial surfaces, and monolayers.9–12
The primary reason for the variation of friction with test
direction appears to be differences in plastic deformation
in different directions during the friction or scratch test.6–9
For specimens where the test direction is aligned with
easy slip directions, dislocation theory can be used to ex-
plain the results.8,9 However, for random orientations, the
differences have been difficult to correlate quantitatively,
because of the complicated deformation and limited
knowledge of the active slip systems.
To address the problem of friction measurements in
grains or different orientations, scratch tests were con-
ducted in individual grains of a randomly oriented
polycrystalline body-centered-cubic (bcc) Ti–Nb alloy.
A spherical indenter was used at various loads to control
the amount of plastic deformation. A simple analysis is
developed to determine the contribution from plastic
deformation and relate the deformation to the relevant
slip systems in each grain.
II. MATERIALS AND METHODS
The specimen was a polycrystalline Ti-30at.% Nb
(45.4 wt% Nb) alloy, which has a stable bcc structure
(b-phase).13 It was melted in an electric arc furnace
under Argon (300 mbar). The furnace was equipped with
a water-cooled copper crucible. The melt was held at a
peak temperature of 1830 to 1850 C to assure complete
dissolution of the Nb. The electric arc method provided
an intense stirring effect. Melting required about 30–60 s.
To obtain cast samples of optimal chemical and struc-
tural homogeneity, all specimens were remelted several
times. Each sample was stirred completely after remelt-
ing in the crucible, and then turned about its horizontal
axis by use of an in-furnace manipulator, and subse-
quently reheated above the melting point. This procedure
(melting, stirring, solidification, rotation) was repeated
four times. After the fourth remelting, the sample was
cast into a rectangular copper mold, which had a size of
60 mm  32.6 mm  10 mm. The copper mold had a
temperature of about 30 C, which led to rapid solidifi-
cation entailing only microsegregation and suppressing
dendrite formation. The as-cast samples were solution
heat treated for 4 h at 1473 K (1200 C) for homogeniza-
tion under a high purity argon atmosphere.14
Instrumented scratch tests were conducted in four dif-
ferent large grains. Scratch testing was conducted using a
5-mm tip radius spherical diamond indenter at loads of
0.1, 0.5, 1.0, and 3.0 mN. Within each grain, the scratch
tests at all loads were always in the same direction.
Scratch testing was conducted by first applying a pre-
scribed vertical load. The specimen was then moved
10 mm laterally at 0.25 mm/s. Following a brief hold
period, the vertical force was unloaded. Three scratch
tests were conducted for each load in each grain. Typ-
ical test data are shown in Fig. 1. At the start of lateral
motion, there is some stick-slip behavior, but after
10 s approximately steady-state behavior develops
and continues for 20 to 30 s. The horizontal force for
this period of approximately steady-state behavior will
be used to analyze the scratch test results. There is some
deviation from uniform behavior during this period,
probably because the surface deformation is not uniform.
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Surface topography measurements of the residual im-
pression show variation in the height of the pileup, as
shown in Fig. 2. The variation in surface heights is of
similar magnitude to the variation observed in the mea-
sured load, but a direct comparison is not possible,
because there were no in situ measurements of the pileup
ahead of the indenter.
The crystal orientation of each grain was determined
using electron backscatter diffraction. The specimen is
shown in Fig. 3 and the tested grains are indicated. The
orientation and scratch direction for each grain are listed
in Table I.
A. Theory
Both horizontal and vertical loads are measured during
the scratch test, but the directions normal and tangential
to the surface during scratching are at a small angle
(y  1), because of the plastic deformation during
the test. A schematic diagram is shown in Fig. 4. The
measured horizontal (H) and vertical (V) loads are
the force components of the contact force vector in the
global coordinate system. They are related to the (local),
normal (N), and tangential (T) contact force vector
components by rotation through the angle y, i.e., H ¼
N sin(y) þ T cos(y) and V ¼ N cos(y) þ T sin(y). In
addition, H can be divided into three primary contribu-
tions. First, there is a contribution from the angle of the
deformed surface, which is N siny. The second contribu-
tion to the horizontal load comes from frictional sliding
contact, and the third contribution comes from the force
FIG. 1. Typical results for scratch test with a 5-mm radius spherical
indenter in Ti-30at.% Nb. The segment on the right is the loading
segment; the depth decreases during the scratch segment at a constant
load of 500 mN, and the unloading segment is on the left.
FIG. 2. Surface topography in the vicinity of a scratch test in grain 1.
TABLE I. Orientations of tested grains and scratch directions in a
Ti-30at.% Nb specimen.
Identification Surface normal Scratch direction
Grain 1 [3,5,2] 025½ 
Grain 2 23717½  [2 3 4]
Grain 3 23161½  5616½ 
Grain 4 1621½  42318½ 
FIG. 3. Crystal orientations and locations of scratch tests for the four
grains tested.
FIG. 4. Schematic diagram of a scratch test with a spherical indenter.
V and H are the vertical and horizontal measured normal loads.
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that must be applied to plastically deform the material as
the tip slides across the specimen. Thus, the measured
ratio of the horizontal to the vertical force (H/V), which
is often called nominally the “coefficient of friction,”
can be decomposed into three components as m ¼ m0 þ
m1 þ m2, where m0, m1, and m2 correspond to the sliding
friction component, the component resulting from the
deformed surface angle, and the component from plastic
deformation, respectively. Crystallographic texture evo-
lution was observed during scratch testing in hexagonal-
close-packed (hcp) and face-centered-cubic (fcc) crystals
that resulted in a decrease in the measured friction coef-
ficient,9 which would modify the friction component
resulting from plastic deformation. However, the amount
of plastic deformation in a bcc alloy is lower in these
tests with a spherical indenter, and no decrease in friction
was observed, nor were there any other changes that
indicated a change in texture.
To assess the true coefficient of friction, the orienta-
tion of the normal and tangential directions must be
determined. This is done by determining the maximum
depth and the unloading depth from the test results,
and then determining the contact radius. The contact
radius can be estimated by assuming elastic unloading,
as is done in the Oliver and Pharr method.15 Under the
assumption of Hertzian behavior during unloading,
which is used in the Field and Swain method for spheri-
cal indenters,16 the elastic recovery of the surface was
approximated as hunl/2, where hunl is the unloading depth
(symbols explained in Fig. 4). The contact depth (hc) is
then found by subtracting the elastic unloading from the
maximum depth: hc ¼ hmax  hunl/2,16 where hmax is the
maximum indentation depth. The contact radius, a, is
then found from the geometry of the spherical tip: a ¼
(2R hc  hc2) where R is the tip radius. The angle of the
surface can then be found from tany ¼ (hmax  hunl)/2a.
Having found the contact radius, the mean pressure
under the indenter (or hardness) can be determined as
p ¼ N/pa2, where N is the force normal to the true
contact.
The stress state in the material is important for evalu-
ating the active slip systems. An estimate for the stress
state can be made by superposition of the stresses caused
by the sliding contact with the Hill solution applied to
spherical indentation.17,18 The Hill solution for an
expanding cavity in an isotropic elastic–plastic material
gives the stresses within the plastic zone as
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where Y is the yield stress and c is the radius of the
plastic zone. Using the Hill solution for a 5-mm radius
spherical indenter, the radius of the plastic zone in the
Ti-30at.% Nb alloy is found to be c ¼ 1.6a for a load of
1.0 mN, or c ¼ 1.9a for a load of 3.0 mN.
Since the tangential forces in these experiments were
less than 10% of the normal forces, the assumption of
linear superposition can be used for a first order estimate
of the combined stress state at the edge of the plastic
zone. In fact, for the two locations of greatest interest,
the tangential load has a negligible effect on the stress
state. For a location on the free surface, the surface trac-
tions are zero. Since the applied tangential force induces
shear stresses parallel to the surface, it makes no contri-
bution to the stress state on the free surface, and the
stress state on the free surface is the same as for the Hill
solution. Directly below the indenter, the maximum
Mises stress from the spherical indentation is at a 45
angle to the surface.17,18 Therefore, the relatively small
shear stress parallel to the surface does not contribute to
the maximum Mises stress at this location. At other loca-
tions, the stresses added by tangential force will cause
additional plastic deformation, but for relatively low
shear tractions, the yield surface will deviate only
slightly from the assumed spherical shape. Since any
additional stress would be accommodated by plastic flow
within the plastic zone created by the spherical indent,
the shear stresses can be assumed to be uniform in y. In
addition, the stresses must decrease proportionally with
r3 to satisfy equilibrium. Taking the x direction as the
scratch direction and the z direction as normal to the
surface, the stress contribution from the tangential force
is therefore:
txz ¼ Tpa2
a
r
 3
; ð3Þ
where T is the tangential force during the scratch test.
The combination of stress state that are given by
Eqs. (1)–(3) for T/V  0.1 and c ¼ 1.6a give a yield
surface with a 3% maximum deviation from the shape
given by the Hill solution alone.
As an aid to understanding the plastic deformation that
occurs during the scratch test, the Schmid factors for
various slip systems were determined at locations at the
edge of the plastic zone for c ¼ 1.9a, which corresponds
to a 3.0 mN vertical load. The Schmid factors at the
surface directly ahead of the indenter at r ¼ 1.9a for each
grain are listed in Table II. For the location directly
below the indenter at r ¼ 1.9a the Schmid factors for
each grain are listed in Table III. At these two locations,
the stresses are equal in the plane normal to the radial
direction. Therefore, the shear stresses for different
plane orientations are only a function of the direction
cosine with the radial direction. Thus, the Schmid stress
is only a function of the slip direction and is the same
on all (110) and 211ð Þ slip planes with the same slip
direction.
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III. RESULTS AND DISCUSSION
The average ratios of the measured horizontal and
vertical forces H/V (= m) for all tests are plotted as a
function of load in Fig. 5. For a normal load of 0.1 mN,
the noise in the data is on the same order as the values.
Therefore, no meaningful information can be obtained at
this load, and only data for loads of 0.5, 1.0, and 3.0 mN
will be analyzed. For each scratch test, hmax and hunl
were determined, and the contact depth, contact radius,
mean pressure, and surface angle were calculated, as
described above. The average results are listed in
Table IV. For grains 1 and 3, the mean pressure (hard-
ness) essentially doubles as the vertical load is increased
from 0.5 to 1.0 mN. This results from work hardening of
the material under the indenter during the lateral scratch
portion of the test, which causes more work hardening
than just a spherical indentation test. For an increase in
load from 1.0 to 3.0 mN, additional work hardening
occurs, but at a reduced rate compared to lower loads.
To better understand the plastic deformation, the com-
ponent of the friction coefficient resulting from plastic
deformation (m2) must be determined. Using the results
for the surface angle from Table IV, the friction
coefficient from the surface angle, m1 (= siny) can be
subtracted from total apparent m, which gives the sum of
the remaining two components: m0 þ m2. This sum is
plotted as a function of load in Fig. 6. Since m2 results
from plastic deformation, the value of m0 can be found by
extrapolating the results for the sum m0 þ m2 to the low
load regime (0.1 mN) where the deformation is purely
elastic (Hertzian). Extrapolating the results in Fig. 6 to
0.1 mN gives values for m0 between 0.01 and 0.05 for the
four different grains. While the value of m0 could vary
with grain orientation because of different atomic pack-
ing, the difference should not be more than 40%, since
TABLE III. Schmid factors directly below the indenter at r = c = 1.9a.
Grain number Slip direction Schmid factor
1 [111] 0.298
1 [111] 0.486
1 [111] 0.486
1 111½  0.298
2 [111] 0.248
2 [111] 0.104
2 [111] 0.298
2 111½  0.443
3 [111] 0.416
3 [111] 0.451
3 [111] 0.415
3 111½  0.157
4 [111] 0.019
4 [111] 0.489
4 [111] 0.408
4 111½  0.170
TABLE II. Schmid factors at the surface directly ahead of the
indenter at r = c = 1.9a.
Grain number Slip direction Schmid factor
1 [111] 0.328
1 [111] 0.465
1 [111] 0
1 111½  0.347
2 [111] 0.246
2 [111] 0.358
2 [111] 0.020
2 111½  0.493
3 [111] 0.487
3 [111] 0.467
3 [111] 0.123
3 111½  0.162
4 [111] 0.483
4 [111] 0.498
4 [111] 0.411
4 111½  0.453
FIG. 5. The average ratios of horizontal to normal force (H/V = m) for
scratch tests with a 5-mm radius spherical indenter in Ti-30at.% Nb.
TABLE IV. Contact radius, surface angle, and mean pressure results
determined from scratch tests with a 5-mm radius spherical indenter.
Grain number Load (mN) a (nm) y p (GPa)
1 0.5 525 (85) 1.2 (0.2) 0.57 (0.09)
1 1.0 520 (30) 0.9 (0.1) 1.17 (0.07)
1 3.0 785 (35) 1.2 (0.1) 1.54 (0.07)
2 0.5 542 (20) 1.2 (0.2) 0.54 (0.02)
2 1.0 570 (5) 1.15 (0.02) 0.98 (0.01)
2 3.0 815 (25) 1.4 (0.1) 1.44 (0.04)
3 0.5 510 (90) 1.1 (0.2) 0.61 (0.10)
3 1.0 515 (10) 0.95 (0.05) 1.20 (0.02)
3 3.0 770 (50) 1.3 (0.15) 1.61 (0.10)
4 0.5 555 (55) 1.3 (0.1) 0.52 (0.05)
4 1.0 670 (200) 1.7 (0.4) 0.71 (0.21)
4 3.0 820 (90) 1.4 (0.3) 1.43 (0.15)
Results are averages of 3 tests with standard deviations shown in
parentheses.
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the surfaces were all electropolished to a low surface
roughness. Therefore, a value of m0 ¼ 0.022 is chosen
for grains 3 and 4 and a value of m0 ¼ 0.03 was selected
for grains 1 and 2. These values for m0 are within the
uncertainty of the extrapolation, yet within 40% of each
other. Subtracting m0 from the sum m0 þ m2 gives the
component that is due to plastic deformation (m2) as
shown in Fig. 7.
The differences between grains observed in Fig. 7
result from different work hardening during scratch test-
ing. A complete three-dimensional analysis of the plastic
deformation would be inordinately complicated. How-
ever, some insights can be gained from simple compari-
son of the results. One key result is that grain 3 shows the
greatest hardness in normal indentation (Table IV), but
the lowest plastic deformation component for the lateral
force at 3.0 mN, as shown in Fig. 7. For normal dis-
placement in grain 3, there are three slip directions
below the indenter (see Table III) with Schmid factors
greater than 0.4. This results in formation of dislocations
with many different slip systems resulting in a forest
of dislocations that act as obstacles and increased work
hardening. However, for lateral motion in the scratch
test, there are only two slip directions directly ahead of
the indenter with Schmid factors greater than 0.4 (see
Table II). In addition, the ideal dislocation systems
for geometrically necessary dislocations (GNDs) to ac-
commodate the indenter motion (see Fig. 8) are the
110ð Þ/[111] and the 110ð Þ/[111] systems, which lie on
the same plane. The angle between the Burgers vector
for these two systems is 70.6, so there are only slight
interactions between them. Therefore, GNDs in these
two systems can glide past one another at relatively
low stress levels, which would explain the low value for
m2 in grain 3.
Similarly, for normal displacement in grain 4, there
are three directions below the indenter (see Table III)
with Schmid factors >0.45. Therefore, a dense disloca-
tion forest would be expected below the indenter, which
would explain why grain 4 exhibits the greatest increase
in mean pressure with increasing vertical load (see
Table IV).
IV. CONCLUSIONS
Scratch tests with a 5-mm radius spherical indenter
were conducted at various loads in four different grains
in a bcc Ti–Nb alloy. The apparent coefficient of friction
measured in the test was found to be composed of three
components: a sliding friction component, a component
resulting from the deformed surface angle, and a compo-
nent from plastic deformation. The individual compo-
nents were determined for each grain tested. A simple
analysis of the grain orientations and slip systems was
conducted. The results show work hardening both below
the indenter and ahead of the indenter as the specimen is
displaced laterally. The amount of work hardening was
found to be consistent with dislocation hardening mech-
anisms for the different grain orientations.
FIG. 7. The value of the friction component resulting from plastic
deformation (m2) after subtracting the sliding friction component (m0)
from the results in Fig. 6.
FIG. 6. The sum of friction components m0 + m2 after subtracting the
surface angle component (m1) from the scratch test results in Fig. 4.
FIG. 8. Predicted types of geometrically necessary dislocations
formed ahead of the indenter in grain 3. Note that the 110ð Þ glide
plane is at an angle to the plane of the page.
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